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Abstract
We present a sigma model field theoretic realization of Hitchin’s generalized complex ge-
ometry, which recently has been shown to be relevant in compactifications of superstring
theory with fluxes. Hitchin sigma model is closely related to the well known Poisson sigma
model, of which it has the same field content. The construction shows a remarkable cor-
respondence between the (twisted) integrability conditions of generalized almost complex
structures and the restrictions on target space geometry implied by the Batalin–Vilkovisky
classical master equation. Further, the (twisted) classical Batalin–Vilkovisky cohomology
is related non trivially to a generalized Dolbeault cohomology.
MSC-class: 53D17, 53B50. Keywords: Poisson Sigma Model, Generalized Complex Ge-
ometry, Cohomology.
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1. Introduction
Mirror symmetry is a duality relating compactifications of type IIA and type IIB
superstring theory, which result in the same four–dimensional effective theory. For Calabi–
Yau compactifications, it has been known for a long time and it has played an important
role in their study. Recently, more general compactifications allowing for non Ricci–flat
metrics and NS and RR fluxes have become object of intense scrutiny. Therefore, it is
important to investigate whether mirror symmetry generalizes to this more general class
of compactifications and, if so, to analyze in depth its properties. This program was
outlined originally in refs. [1,2] and was subsequently pursued with an increasing level of
generality in a series of papers.
In refs. [3], it was shown that mirror symmetry can be defined on manifolds with
SU(3) structure, i.e. admitting a nowhere vanishing globally defined internal spinor. In
this case, the symmetry maps RR into RR fluxes, but it mixes the metric and the NS flux
in a non trivial fashion.
Recently, Hitchin formulated the notion of generalized complex geometry, which, at the
same time extends and unifies the customary notions of complex and symplectic geometry
and incorporates a natural generalization of Calabi–Yau geometry [4]. Hitchin’s ideas were
further developed by Gualtieri [5]. Since, in topological string theory, mirror symmetry
relates complex and symplectic manifolds [6], it is conceivable that generalized complex
geometry may provide a natural framework for the study of mirror symmetry [7]. In refs.
[8,9], it was shown that supersymmetric SU(3) structure manifolds are indeed generalized
Calabi–Yau manifolds as defined by Hitchin. Other studies of mirror symmetry relying on
generalized complex geometry can be found in refs. [10–14].
In refs. [15,16], a sigma model realization of Hitchin’s generalized complex geometry
closely resembling a Poisson sigma model was obtained [17,18]. In this paper, we obtain a
new sigma model realization of the same geometry, whose relation to the standard Poisson
sigma model is even closer and which we now briefly outline.
In ref. [19] (see also [20]), Cattaneo and Felder quantized the Poisson sigma model by
using the Batalin–Vilkovisky quantization algorithm [21–23]. They showed in particular
that the action of the model satisfies the Batalin–Vilkovisky classical master equation,
provided the target space almost Poisson structure is actually Poisson, thus establishing a
remarkable connection between Poisson geometry and quantization a` la Batalin–Vilkovisky
of the sigma model.
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In this paper, we introduce a Hitchin sigma model, which has the same field content
as the standard Poisson sigma model, but whose target space geometry is specified by
a generalized almost complex structure. Proceeding in an analogous manner, we quan-
tize the model following the Batalin–Vilkovisky quantization prescriptions. We then show
that the action satisfies the Batalin–Vilkovisky classical master equation, when the gen-
eralized almost complex structure is actually a generalized complex structure. We carry
out our analysis both in the twisted and in the untwisted case. Further, we find that
the classical Batalin–Vilkovisky cohomology is related non trivially to a hitherto unknown
generalized Dolbeault cohomology containing the deformation cohomology of generalized
complex structures [5].
Up to a topological term, the Hitchin sigma model reduces to the usual Poisson
sigma model, in the particular case where the generalized complex structure is actually
a symplectic structure. In this way, our analysis partially generalizes and broadens the
scope of Cattaneo’s and Felder’s.
This paper is organized as follows. In sect. 2, we review the main notions of generalized
complex geometry both in the twisted and in the untwisted case. In sect. 3, we outline the
de Rham superfield formalism suitable for the formulation of the Poisson sigma model and
its generalizations. In sect. 4, we introduce the untwisted Hitchin sigma model and show
the correspondence between the conditions on the target space geometry implied by the
Batalin–Vilkovisky classical master equation and the integrability condition of the target
space generalized almost complex structure. In sect. 5, we repeat the same analysis for
the twisted case. Finally, in sect. 6, we analyze the Batalin–Vilkovisky cohomology and
its relation to generalized complex geometry.
2. Generalized complex geometry
The notion of generalized complex structure was introduced by Hitchin in [4] and
developed by Gualtieri [5] in his thesis. It encompasses the usual notions of complex and
symplectic structures as special cases. It is the complex counterpart of the notion of Dirac
structure, introduced by Courant and Weinstein, which unifies Poisson and symplectic
geometry [24,25].
Let M be a manifold of even dimension d. Consider the vector bundle TM ⊕ T ∗M .
A generic section X + ξ ∈ C∞(TM ⊕ T ∗M) of this bundle is the direct sum of sections
X ∈ C∞(TM), ξ ∈ C∞(T ∗M) of TM , T ∗M , respectively. X is a vector field, ξ is a
1–form.
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TM ⊕T ∗M is equipped with a natural indefinite metric of signature (d, d) defined by
〈X + ξ, Y + η〉 = 12 (iXη + iY ξ), (2.1)
for X + ξ, Y + η ∈ C∞(TM ⊕ T ∗M), where iV denotes contraction with respect a vector
field V . This metric has a large isometry group. This contains the full diffeomorphism
group of M , acting by pull-back. It also contains the following distinguished isometries,
called b transforms, defined by
exp(b)(X + ξ) = X + ξ + iXb, (2.2)
where b ∈ C∞(∧2T ∗M) is a 2–form.
There is a natural bilinear pairing defined on C∞(TM ⊕T ∗M) extending the custom-
ary Lie pairing on C∞(TM), called Courant brackets [24,25]. It is given by
[X + ξ, Y + η] = [X, Y ] + lXη − lY ξ − 12dM (iXη − iY ξ). (2.3)
with X + ξ, Y + η ∈ C∞(TM ⊕ T ∗M), where lV denotes Lie derivation with respect a
vector field V and dM is the exterior differential of M . The pairing is antisymmetric,
but it fails to satisfy the Jacobi identity. However, remarkably, the Jacobi identity is
satisfied when restricting the sections X + ξ, Y + η ∈ C∞(L), where L is a subbundle of
TM ⊕ T ∗M isotropic with respect to 〈 , 〉 and involutive (closed) under [ , ]. The brackets
[ , ] are covariant under the action of the diffeomorphism group. They are also covariant
under b transform
[exp(b)(X + ξ), exp(b)(Y + η)] = exp(b)[X + ξ, Y + η], (2.4)
provided the 2–form b is closed.
A generalized complex structure J is a section of C∞(End(TM ⊕ T ∗M)), which is
an isometry of the metric 〈 , 〉 and satisfies
J 2 = −1. (2.5)
The group of isometries of 〈 , 〉 acts on J by conjugation. In particular, the b transform of
J is defined by
Jˆ = exp(−b)J exp(b). (2.6)
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The ±√−1 eigenbundles of J are complex and, thus, their analysis requires complex-
ifying TM ⊕ T ∗M leading to (TM ⊕ T ∗M)⊗ C. The projectors on the eigenbundles are
given by
Π± =
1
2 (1∓
√−1J ). (2.7)
The generalized almost complex structure J is integrable if its eigenbundles are involutive,
i. e. if
Π∓[Π±(X + ξ),Π±(Y + η)] = 0, (2.8)
for any (X+ξ), (Y +η) ∈ C∞(TM⊕T ∗M). In that case, J is called a generalized complex
structure. Integrability is equivalent to the single statement
N(X + ξ, Y + η) = 0, (2.9)
for all X + ξ, Y + η ∈ C∞(TM ⊕ T ∗M), where N is the generalized Nijenhuis tensor,
defined by
N(X + ξ, Y + η) = [X + ξ, Y + η] + J [J (X + ξ), Y + η] + J [X + ξ,J (Y + η)] (2.10)
− [J (X + ξ),J (Y + η)].
The b transform Jˆ of a generalized complex structure J is again a generalized complex
structure, provided the 2–form b is closed.
In practice, it is convenient to decompose a generalized almost complex structure J
in block form as follows
J =
(
J P
Q −J∗
)
, (2.11)
where J ∈ C∞(TM ⊗ T ∗M), P ∈ C∞(∧2TM), Q ∈ C∞(∧2T ∗M).
For later use, we write in explicit tensor notation the conditions obeyed by J , P , Q:
P ab + P ba = 0, (2.12a)
Qab +Qba = 0, (2.12b)
JacJ
c
b + P
acQcb + δ
a
b = 0, (2.13a)
JacP
cb + JbcP
ca = 0, (2.13b)
QacJ
c
b +QbcJ
c
a = 0. (2.13c)
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Under b transform, we have
Jˆab = J
a
b − P acbcb, (2.14a)
Pˆ ab = P ab, (2.14b)
Qˆab = Qab + bacJ
c
b − bbcJca + P cdbcabdb. (2.14c)
where bab + bba = 0.
The integrability condition of a generalized almost complex structure J can be cast
in the form of a set of four tensorial equations
Aabc = 0, (2.15a)
Ba
bc = 0, (2.15b)
Cab
c = 0, (2.15c)
Dabc = 0, (2.15d)
where A, B, C, D are tensors defined by
Aabc = P ad∂dP
bc + P bd∂dP
ca + P cd∂dP
ab, (2.16a)
Ba
bc = Jda∂dP
bc + P bd(∂aJ
c
d − ∂dJca)− P cd(∂aJbd − ∂dJba)− ∂a(JbdP dc), (2.16b)
Cab
c = Jda∂dJ
c
b − Jdb∂dJca − Jcd∂aJdb + Jcd∂bJda (2.16c)
+ P cd(∂dQab + ∂aQbd + ∂bQda),
Dabc = J
d
a(∂dQbc + ∂bQcd + ∂cQdb) + J
d
b(∂dQca + ∂cQad + ∂aQdc) (2.16d)
+ Jdc(∂dQab + ∂aQbd + ∂bQda)− ∂a(QbdJdc)− ∂b(QcdJda)− ∂c(QadJdb).
The above expressions in a different but equivalent form were derived in [16].
The usual complex structures J can be viewed as generalized complex structures of
the special form
J =
(
J 0
0 −J∗
)
. (2.17)
Indeed, one can check an object of this form satisfies conditions (2.12a,b), (2.13a–c), (2.15a–
d) precisely when J is a complex structure, i. e. its Nijenhuis tensor vanishes. Similarly,
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the usual symplectic structures Q can be viewed as generalized complex structures of the
special form
J =
(
0 −Q−1
Q 0
)
. (2.18)
as this object satisfies (2.12a,b), (2.13a–c), (2.15a–d) precisely when Q is a symplectic
structure, i. e. it is closed. As noticed by Hitchin, other exotic examples exist. In fact,
there are manifolds which cannot support any complex or symplectic structure, but do
admit generalized complex structures [4]. These facts explain the reason why Hitchin’s
construction is interesting and worthwhile pursuing.
Let H ∈ C∞(∧3T ∗M) be a closed 3–form. Define the H twisted Courant brackets by
[X + ξ, Y + η]H = [X + ξ, Y + η] + iX iYH (2.19)
with X + ξ, Y + η ∈ C∞(TM ⊕ T ∗M). 1 Under b transform with b a closed 2–form, (2.4)
holds with the brackets [ , ] replaced by [ , ]H . More generally, for a non closed b, one has
[exp(b)(X + ξ), exp(b)(Y + η)]H+dM b = exp(b)[X + ξ, Y + η]H . (2.20)
So, b transform shifts H by the exact 3–form dMb:
Hˆ = H + dMb. (2.21)
The case where [H/2pi] belongs to the image of H3(M,Z) in H3(M,R) is particular im-
portant for its relation to gerbes. In this case, b transform with [b/2pi] contained in image
of H2(M,Z) in H2(M,R) represents the gerbe generalization of gauge transformation.
One can define an H twisted generalized Nijenhuis NH tensor as in (2.10) by using
the brackets [ , ]H instead of [ , ]. A generalized almost complex structure J is H integrable
if
NH(X + ξ, Y + η) = 0, (2.22)
for all X+ξ, Y +η ∈ C∞(TM⊕T ∗M). In such a case, we call J an H twisted generalized
complex structure.
1 The sign convention of the H field used in this paper is opposite to that of ref. [5].
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In tensor notation, the H integrability conditions can be cast as
AH
abc = 0, (2.23a)
BHa
bc = 0, (2.23b)
CHab
c = 0, (2.23c)
DHabc = 0, (2.23d)
where AH , BH CH , DH are tensors defined by
AH
abc = Aabc, (2.24a)
BHa
bc = Ba
bc + P bdP ceHade, (2.24b)
CHab
c = Cab
c − JdaP ceHbde + JdbP ceHade, (2.24c)
DHabc = Dabc −Habc + JdaJebHcde + JdbJecHade + JdcJeaHbde. (2.24d)
These expressions also where obtained in [16].
3. 2–dimensional de Rham superfields
In general, the fields of a 2–dimensional field theory are differential forms on a oriented
closed 2–dimensional manifold Σ. They can be viewed as elements of the space Fun(ΠTΣ)
of functions on the parity reversed tangent bundle ΠTΣ of Σ, which we shall call de Rham
superfields [19]. More explicitly, we associate with the coordinates zα of Σ Grassmann odd
partners ζα with
degzα = 0, degζα = 1. (3.1)
ΠTΣ is endowed with a natural differential d defined by
dzα = ζα, dζα = 0. (3.2)
A generic de Rham superfield ψ(z, ζ) is a triplet formed by a 0–, 1–, 2–form field ψ(0)(z),
ψ(1)α(z), ψ
(2)
αβ(z) organized as
ψ(z, ζ) = ψ(0)(z) + ζαψ(1)α(z) +
1
2ζ
αζβψ(2)αβ(z). (3.3)
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The forms ψ(0), ψ(1), ψ(2) are called the components of ψ. Note that, in this formalism,
the exterior differential of Σ can be identified with the operator
d = ζα∂/∂zα. (3.4)
The coordinate invariant integration measure of ΠTΣ is
µ = dz1dz2dζ1dζ2. (3.5)
Any de Rham superfield ψ can be integrated on ΠTΣ according to the prescription
∫
ΠTΣ
µψ =
∫
Σ
1
2dz
αdzβψ(2)αβ(z). (3.6)
By Stokes’ theorem,
∫
ΠTΣ
µ dψ = 0. (3.7)
It is possible to define functional derivatives of functionals of de Rham superfields.
Let ψ be a de Rham superfield and let F (ψ) be a functional of ψ. We define the left/right
functional derivative superfields δl,rF (ψ)/δψ as follows. Let σ be a superfield of the same
properties as ψ. Then,
d
dt
F (ψ + tσ)
∣∣∣
t=0
=
∫
ΠTΣ
µσ
δlF (ψ)
δψ
=
∫
ΠTΣ
µ
δrF (ψ)
δψ
σ. (3.8)
In the applications below, the components of the relevant de Rham superfields carry,
besides the form degree, also a ghost degree. We shall limit ourselves to homogeneous
superfields. A de Rham superfield ψ is said homogeneous if the sum of the form and ghost
degree is the same for all its components ψ(0), ψ(1), ψ(2) of ψ. The common value of that
sum is called the (total) degree degψ of ψ. It is easy to see that the differential operator
d and the integration operator
∫
ΠTΣ
µ carry degree 1 and −2, respectively. Also, if F (ψ)
is a functional of a superfield ψ, then degδl,rF (ψ)/δψ = degF − degψ + 2.
The singular chain complex of Σ can be given a parallel treatment. A singular super-
chain C is a triplet formed by a 0–, 1– and 2–dimensional singular chain C(0), C(1), C(2)
organized as a formal chain sum
C = C(0) + C(1) + C(2). (3.9)
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The singular boundary operator ∂ extends to superchains in obvious fashion by setting
(∂C)(0) = ∂C(1), (∂C)(1) = ∂C(2), (∂C)(2) = 0. (3.10)
A singular supercycle Z is a superchain such that
∂Z = 0. (3.11)
A de Rham superfield ψ can be integrated on a superchain C:
∫
C
ψ =
∫
C(0)
ψ(0) +
∫
C(1)
dzαψ(1)α(z) +
∫
C(2)
1
2
dzαdzβψ(2)αβ(z). (3.12)
Stokes’ theorem states that
∫
C
dψ =
∫
∂C
ψ. (3.13)
In particular,
∫
Z
dψ = 0, (3.14)
if Z is a supercycle.
4. The Hitchin sigma model
In this section, we shall first briefly review the formulation of the standard Poisson
sigma model based on the Batalin–Vilkovisky quantization scheme [21,22] worked out
by Cattaneo and Felder in [19] (see also [20,26]). To make the treatment as simple and
transparent as possible, we shall use the convenient de Rham superfield formalism outlined
above. Expressions in terms of components are straightforward to obtain, though they are
rather lengthy and unwieldy. Subsequently, we introduce the Hitchin sigma model as a
closely related partial generalization of the former. We shall limit ourselves to the lowest
order in perturbation theory, since this constraints on target space geometry following
from the Batalin–Vilkovisky classical master equation lead directly to Hitchin’s generalized
complex geometry. Quantum corrections will presumably yield a deformation of the latter,
whose study is beyond the scope of this paper. We will not attempt the gauge fixing of
the field theory, which, at any rate, is expected to be essentially identical to that of the
ordinary Poisson sigma model as described in [19,20]. For clarity, we shall treat first the
untwisted case.
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The basic fields of the standard Poisson sigma model are a degree 0 superembedding
x ∈ Γ(ΠTΣ,M) and a degree 1 supersection y ∈ Γ(ΠTΣ, x∗ΠT ∗M). With respect to each
local coordinate ta of M , x, y are given as de Rham superfields xa, ya. Under a change of
coordinates, these transform as
x′a = t′a ◦ t−1(x), (4.1)
y′a =
∂tb
∂t′a
◦ t−1(x)yb. (4.2)
The resulting transformation rules of the de Rham components of xa(z, ζ), ya(z, ζ) are
obtainable by expanding these relations in powers of ζα.
We identify the fields and antifields with xa and yb, respectively. The Batalin–
Vilkovisky odd symplectic form is
ΩBV =
∫
ΠTΣ
µ δxaδya. (4.3)
Therefore, the Batalin–Vilkovisky antibrackets are given by
(F,G) =
∫
ΠTΣ
µ
[
δrF
δxa
δlG
δya
− δrF
δya
δlG
δxa
]
, (4.4)
for any two functionals F , G of xa, ya.
The target space geometry of the standard Poisson sigma model is specified by an
almost Poisson structure, that is a 2–vector P . The action of the model is
S =
∫
ΠTΣ
µ
[
yadx
a + 12P
ab(x)yayb
]
. (4.5)
The consistent quantization of the model requires tha S satisfies the classical Batalin–
Vilkovisky master equation
(S, S) = 0. (4.6)
By a straightforward computation one finds
(S, S) = 2
∫
ΠTΣ
µ
[
− 16Aabc(x)yaybyc
]
, (4.7)
where A is given by (2.16a). Hence, S satisfies (4.6), if (2.15aa) holds. As is well–known,
condition (2.15a) ensures the almost Poisson structure P is actually Poisson, so that M is
a Poisson manifold [27].
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The Batalin–Vilkovisky variations are
δBV x
a = (S, xa), (4.8a)
δBV ya = (S, ya) (4.8b)
[21,22]. From (4.4), (4.5), one finds easily that
δBV x
a = dxa + P ab(x)yb, (4.9a)
δBV ya = dya +
1
2
∂aP
bc(x)ybyc. (4.9b)
δBV is nilpotent:
δBV
2 = 0 (4.10)
if (2.15a) holds, as follows from the Batalin–Vilkovisky theory or by direct verification. By
construction,
δBV S = 0. (4.11)
We construct the Hitchin sigma model as follows. The fields of the model, the Batalin–
Vilkovisky odd symplectic form and the associated antibrackets are the same as those of
the Poisson sigma model given by eqs. (4.3), (4.4). The target space geometry is specified
by a generalized almost complex structure J (cf. sect. 2). In the representation (2.11),
the action of the model reads
S =
∫
ΠTΣ
µ
[
yadx
a + 1
2
P ab(x)yayb +
1
2
Qab(x)dx
adxb + Jab(x)yadx
b
]
. (4.12)
We now verify under which conditions S satisfies the classical Batalin–Vilkovisky
master equation (4.6). By a straightforward computation, one finds
(S, S) = 2
∫
ΠTΣ
µ
[
− 16Aabc(x)yaybyc + 12Babc(x)dxaybyc (4.13)
− 1
2
Cab
c(x)dxadxbyc +
1
6
Dabc(x)dx
adxbdxc
]
,
where the tensors A, B, C, D are given by (2.16a–d). Hence, S satisfies the classical
Batalin–Vilkovisky master equation (4.6), if conditions (2.15a–d) hold. (2.15a–d) ensure
that J is a generalized complex structure so that M is a generalized complex manifold.
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This shows that there is a non trivial connection between generalized complex geometry
and quantization a` la Batalin–Vilkovisky of the sigma model.
(2.15a–d) are sufficient but not necessary conditions for the fulfillment of the master
equation (4.6). In fact, as dxadxbdxc = 0 identically on a 2–dimensional manifold Σ,
the last term in (4.13) vanishes identically so that condition (2.15d) could be dropped.
Remarkably, however, a formal implementation of the antibracket algebra yields precisely
this term. At any rate, this opens the possibility that the Hitchin sigma model might
consistently be defined for a class of target space geometries wider than that of generalized
complex structures. This would somewhat parallel what happens for the Poisson sigma
model, which makes sense for the class of Poisson target space geometries, which strictly
contains that of symplectic geometries. We will not elaborate further on this point.
The Batalin–Vilkovisky variations, defined by (4.8a,b), can be easily obtained using
(4.4), (4.12). They are given by
δBV x
a = dxa + P ab(x)yb + J
a
b(x)dx
b, (4.14a)
δBV ya = dya +
1
2∂aP
bc(x)ybyc +
1
2 (∂aQbc + ∂bQca + ∂cQab)(x)dx
bdxc (4.14b)
+ (∂aJ
b
c − ∂cJba)(x)ybdxc + Jba(x)dyb.
One can check that (4.10), (4.11) hold, if eqs. (2.15a–d) are fulfilled.
When the generalized complex structure J is a symplectic structure Q, one has dQ =
0, J = 0, P = −Q−1 (cf. eq. (2.18)). In this case, as is readily verified, the Hitchin sigma
model action equals the Poisson sigma model action up to a topological term, while the
Batalin–Vilkovisky variations of the two models are the same. For this reason, Hitchin
sigma model is only a partial generalization of the Poisson sigma model, since it can
reproduce the latter only in the particular case where the target manifold Poisson structure
is symplectic.
It is interesting to see how the action S behaves under a b transform of the under-
lying generalized almost complex structure J of the form (2.14a–c). It turns out that a
meaningful comparison of the resulting action Sˆ and the original action S requires that
the superfields xa, ya also must undergo a b transform of the form
xˆa = xa, (4.15a)
yˆa = ya + bab(x)dx
b. (4.15b)
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It is simple to verify that
ΩˆBV = ΩBV +
∫
ΠTΣ
µ 1
2
(
∂abbc + ∂bbca + ∂cbab
)
(x)δxadxbδxc. (4.16)
Hence, when the 2–form b is closed, the b transform is canonical, i. e. it leaves the
Batalin–Vilkovisky odd symplectic form (4.3) invariant,
ΩˆBV = ΩBV . (4.17)
Under the b transform, one has
Sˆ = S −
∫
ΠTΣ
µ bab(x)dx
adxb. (4.18)
Remarkably, S, Sˆ differ by a topological term. If b/2pi has integer periods and, so, describes
a gerbe gauge transformation, one has exp(
√−1Sˆ) = exp(√−1S) in the quantum path
integral. So, gerbe gauge transformation is a duality symmetry of the quantum Hitchin
sigma model. It must be remarked that the result holds also when b/2pi has half integer
periods. This is due to a factor 1/2 mismatch of the normalization of the b field in Hitchin’s
formulation of generalized complex geometry and the standard conventional normalization
of the Poisson sigma model action. We would suggest to change the normalization of the
action by a factor 1/2, but, for the time being, we stick to the normalization conventions
mostly used in the physical literature.
5. The twisted Hitchin sigma model
The natural question arises whether it is possible to construct a Hitchin sigma model
for twisted generalized complex structures. We are going to study this issue next.
Let H be a closed 3–form. Consider a H twisted generalized complex structure J .
Then, the tensors AH , BH , CH , DH all vanish (cf. eqs. (2.23a–d)).
Since H is closed, it can be trivialized locally. So, there are locally defined 2–forms B
such that
H = dMB. (5.1)
We can use the local 2–forms B to carry out local B transforms of J . In this way, for each
local 2–form B, we have a local generalized almost complex structure J˜ given by
J˜ab = J
a
b − P acBcb, (5.2a)
15
P˜ ab = P ab, (5.2b)
Q˜ab = Qab +BacJ
c
b −BbcJca + P cdBcaBdb (5.2c)
in the representation (2.11) (cf. eqs. (2.14a–c)). It is straightforward to verify that the H
integrability of J implies that these local J˜ are integrable: the corresponding local tensors
A˜, B˜, C˜, D˜ all vanish (cf. eqs. (2.15a–d)).
Let us assume that the appropriate fields/antifields for the twisted version of Hitchin
sigma model are the same as those of the untwisted model, viz the degree 0 superembedding
x ∈ Γ(ΠTΣ,M) and the degree 1 supersection y ∈ Γ(ΠTΣ, x∗ΠT ∗M). This is reasonable,
since in the limit case H = 0, one should recover the untwisted model. In the previous
section, we learned that these fields behave non trivially under b transform (cf. eqs.
(4.15a,b)). Thus, it seems appropriate to define B transformed fields x˜a, y˜a by
x˜a = xa, (5.3a)
y˜a = ya +Bab(x)dx
b. (5.3b)
Since the 2–form B is only locally defined, the superfields x˜a, y˜a do not have the global
meaning that the original superfields xa, ya do.
From the above discussion, it would seem that, at a heuristic level, one may define the
twisted Hitchin sigma model with target space geometry specified by the data H, J and
basic superfields x, y as the untwisted Hitchin sigma model with target space geometry
specified by the data J˜ and basic superfields x˜, y˜. However, it is clear that this way of
proceeding cannot work in general, because J˜ , x˜, y˜ have only a local nature.
There is however a particular case where this can be done, namely when the closed
3–form H is exact. In that case, there is a globally defined 2–form B such that (5.1) holds.
Then, J˜ is a globally defined generalized complex structure and x˜, y˜ have the same global
meaning as the original fields x, y. In this way, we can construct an untwisted Hitchin
sigma model using J˜ , x˜, y˜, which now we describe. As we shall see, from this analysis, we
can learn much on the H twisted Hitchin sigma model for non exact H.
The odd symplectic form of the H twisted model is defined by the relation
ΩBVH = Ω˜BV , (5.4)
where Ω˜BV is given by (4.3) with x
a, ya replaced by x˜
a, y˜a. A straightforward calculation
shows that
ΩBV H =
∫
ΠTΣ
µ
[
δxaδya +
1
2Habc(x)δx
adxbδxc
]
. (5.5)
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ΩBV H is not of the canonical form (4.3). Hence, x
a, ya are not canonical fields/antifields.
However, ΩBV H is a degree 1 closed functional form, since it is related by a field redefinition
to Ω˜BV , which is. In this way, one can define H twisted antibrackets (, )H in standard
fashion. The resulting expression is
(F,G)H =
∫
ΠTΣ
µ
[
δrF
δxa
δlG
δya
− δrF
δya
δlG
δxa
−Habc(x)δrF
δya
dxb
δlG
δyc
]
, (5.6)
for any two functionals F , G of xa, ya.
Similarly, the action of the H twisted model is defined by the relation
SH = S˜, (5.7)
where S˜ is given by (4.12) with J , P , Q and xa, ya replaced by J˜ , P˜ , Q˜ and x˜
a, y˜a,
respectively. A straightforward calculation shows that
SH =
∫
ΠTΣ
µ
[
yadx
a+ 12P
ab(x)yayb+
1
2Qab(x)dx
adxb+Jab(x)yadx
b
]
−2
∫
Γ
x(0)∗H. (5.8)
Here, Γ is a 3–fold such that ∂Γ = Σ and x(0) : Γ→ M is an embedding such that x(0)|Σ
equals the lowest degree 0 component of the superembedding x, whose choice is immaterial.
It is easy to see that the H twisted action SH obeys the H twisted Batalin–Vilkovisky
classical master equation
(SH , SH)H = 0. (5.9)
This can be verified directly, but it is obvious by itself, since ΩBV H , SH are related to
Ω˜BV , S˜ by the same field redefinition, via (5.4), (5.7), respectively, and the action S˜ obeys
the master equation (4.6).
The Batalin–Vilkovisky variations δ˜BV x˜
a, δ˜BV y˜a are given by (4.14a,b) with J , P ,
Q and xa, ya replaced by J˜ , P˜ , Q˜ and x˜
a, y˜a, respectively. Using (5.3a,b), we can then
derive the expressions of the H twisted Batalin–Vilkovisky variations δBV Hx
a, δBV Hya.
The result is
δBV Hx
a = dxa + P ab(x)yb + J
a
b(x)dx
b, (5.10a)
δBV Hya = dya +
1
2∂aP
bc(x)ybyc +
1
2(∂aQbc + ∂bQca + ∂cQab)(x)dx
bdxc (5.10b)
+ (∂aJ
b
c − ∂cJba)(x)ybdxc + Jba(x)dyb
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+ 12 (HabdJ
d
c −HacdJdb)(x)dxbdxc +HadcP db(x)ybdxc.
It is straightforward to see that
δBV Hx
a = (SH , x
a)H , (5.11a)
δBV Hya = (SH , ya)H (5.11b)
and that
δBV H
2 = 0. (5.12)
Again, this can be verified directly, but it is obvious by itself, for reasons explained below
eq. (5.9). By a similar reasoning, one has
δBV HSH = 0. (5.13)
In the above analysis, we assumed that the closed 3–form H was exact, in order to
have a globally defined 2–form B. However, the expressions obtained depend on B through
H, which is globally defined anyway. This provides crucial clues about how to proceed for
a non exact H.
We can use (5.5) as a definition of the H twisted odd symplectic form ΩBV H in the
general case. ΩBV H so defined has degree 1 and is closed, as required. So, H twisted
antibrackets (, )H can be introduced. They are given again by eq. (5.6).
Similarly, we can use (5.8) as a definition of the H twisted action SH in the general
case. At this stage, J can be assumed to be a generalized almost complex structure.
The last H dependent term is a Wess–Zumino like term. A similar term was added to
the action of the standard Poisson sigma model in ref. [28]. Its value depends on the
embedding x(0) : Γ → M . In the quantum theory, in order to have a well defined weight
exp(
√−1SH) in the path integral, it necessary to require that H has integer periods.
A computation analogous to the one leading to (4.13) furnishes
(SH , SH)H = 2
∫
ΠTΣ
µ
[
− 1
6
AH
abc(x)yaybyc +
1
2
BHa
bc(x)dxaybyc (5.14)
− 12CHabc(x)dxadxbyc + 16DHabc(x)dxadxbdxc
− 13Habc(x)dxadxbdxc
]
,
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where the tensors AH , BH , CH , DH are given by (2.24a–d). Hence, SH satisfies the H
twisted classical Batalin–Vilkovisky master equation (5.9), if (2.23a–d) hold, i.e. when
J is an H twisted generalized complex structure. (Recall that dxadxbdxc = 0 on a 2–
dimensional manifold Σ.) This shows that the non trivial connection between generalized
complex geometry and quantization a` la Batalin–Vilkovisky of the sigma model continues to
hold also in the twisted case. As for the untwisted Hitchin model, (2.24a–d) are sufficient
but not necessary conditions for the fulfillment of the master equation (5.9).
The twisted Batalin–Vilkovisky variations δBV Hx
a, δBV Hya are defined by (5.11a,b).
By explicit computation, one can verify that they are still given by (5.10a,b). This is
obviously so in view of the above reasoning, since these are local expressions anyway.
Similarly, (5.12), (5.13) continue to hold.
Under a b transform (2.14a–c) of the underlying generalized almost complex structure
and (4.15a,b) of the superfields xa, ya, with b a closed 2–form, theH twisted odd symplectic
form ΩBV H and action SH behave as their untwisted counterparts, that is (4.17), (4.18)
hold with ΩBV , ΩˆBV S, Sˆ replaced by SH , SˆH , ΩBV H , ΩˆBVH .
6. Batalin–Vilkovisky cohomology and generalized complex geometry
In this final section we shall analyze the classical Batalin–Vilkovisky cohomology and
its relation to Hitchin’s (twisted) generalized complex geometry. Though we do not have
a full computation of the cohomology, we have found a interesting subset of it related in a
non trivial fashion to the underlying generalized complex structure.
We consider first the untwisted case for simplicity. We call a de Rham superfield
X local, if it is a local functional of the basic superfields xa, ya. Let X be some local
superfield. Suppose there is another local superfield Y such that
δBVX = dY. (6.1)
Thus, X defines a mod d Batalin–Vilkovisky cohomology class. Then, if Z is a singular
supercycle (cf. sect. 3), one has
δBV
∫
Z
X =
∫
Z
dY = 0, (6.2)
by (3.14). It follows that
〈Z,X〉 =
∫
Z
X (6.3)
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defines a Batalin–Vilkovisky cohomology class. A standard analysis shows that this class
depends only on the mod d Batalin–Vilkovisky cohomology class of X . So, one may obtain
Batalin–Vilkovisky cohomology classes by constructing local superfields X satisfying (6.1).
We recall that
dδBV + δBV d = 0. (6.4)
Define
∂ = 12
[
d−√−1(δBV − d)
]
(6.5)
and its complex conjugate ∂. From (4.10), (6.4), it is immediate to check that
∂2 = 0, (6.6a)
∂2 = 0, (6.6b)
∂∂ + ∂∂ = 0. (6.6c)
From (6.5), one has further
d = ∂ + ∂, (6.7a)
δBV = ∂ + ∂ +
√−1(∂ − ∂). (6.7b)
Consider the operator ∂. It acts on the space of local superfields, it carries degree
1, by (6.5), and it squares to 0, by (6.6b). Therefore, one can define a ∂ local superfield
cohomology in obvious fashion.
Let X be a local superfield such that
∂X = 0. (6.8)
X defines a ∂ local superfield cohomology class. By (6.7a, b), X satisfies (6.1) with
Y = (1 +
√−1)X . So, as shown above, for any supercycle Z, 〈Z,X〉 defines a Batalin–
Vilkovisky cohomology class. If X = ∂U for some local superfield U , so that the corre-
sponding ∂ cohomology class is trivial, then 〈Z,X〉 = 1
2
√−1δBV 〈Z, U〉, by (6.5), (3.14),
and, so, the corresponding Batalin–Vilkovisky is trivial as well. Therefore, for any singu-
lar supercycle Z, there is a well-defined homomorphism from the ∂ superfield cohomology
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into the Batalin–Vilkovisky cohomology. This homomorphism depnds only on singular
homology class of Z.
The above constructions may appear somewhat arbitrary. Their meaningfulness will
become clear upon computing the operator ∂ and analyzing the space of solutions of eq.
(6.8).
Consider a local superfiled XΞ of the form
XΞ =
∑
p,q≥0
1
p!q!Ξ
a1...ap
b1...bq(x)ya1 · · · yapdxb1 · · ·dxbq , (6.9)
where Ξ ∈ ⊕p,q≥0C∞(∧pTM ⊗ ∧qT ∗M ⊗ C) is a formal sum of biantisymmetric complex
tensor fields on M of varying bidegree (p, q). Then, from (4.14a,b), through a tedious but
totally straightforward computation, one finds the following expression:
∂XΞ =
∑
p,q≥0
1
p!q!∂MΞ
a1...ap
b1...bq (x)ya1 · · · yapdxb1 · · ·dxbq (6.10)
+
∑
p,q≥0
1
p!q!
KM
aΞa1...apb1...bq(x)dyaya1 · · · yapdxb1 · · ·dxbq ,
where
∂MΞ
a1...ap
b1...bq =
1
2
{
(−1)pq
[
∂[b1Ξ
a1...ap
b2...bq ] +
√−1
(
Jc[b1∂|c|Ξ
a1...ap
b2...bq] (6.11a)
− p(∂cJ [a1 [b1 − ∂[b1J [a1 |c|)Ξ|c|a2...ap]b2...bq ]
− (q − 1)∂[b1Jcb2Ξa1...ap |c|b3...bq ]
)]
− p√−1
[
P [a1|c|∂cΞ
a2...ap]
b1...bq
− 12 (p− 1)∂cP [a1a2Ξ|c|a3...ap]b1...bq + q∂[b1P [a1|c|Ξa2...ap]|c|b2...bq]
]
+ 12q(q − 1)
√−1
[
∂cQ[b1b2 + ∂[b1Qb2|c| + ∂[b2Q|c|b1
]
Ξca1...apb3...bq ]
}
,
KM
aΞa1...apb1...bq =
1
2
{(
δac +
√−1Jac
)
Ξca1...apb1...bq + (−1)p
√−1P acΞa1...apcb1...bq
}
,
(6.11b)
the brackets [· · ·] denoting full antisymmetrization of all enclosed indices except for those
between bars | · · · |.
At first glance, it would appear that eq. (6.8) is equivalent to the equations
∂MΞ
a1...ap
b1...bq = 0, (6.12a)
KM
aΞa1...apb1...bq = 0, (6.12b)
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at least for q ≤ 2. This is indeed the case, though there are some subtleties involved. The
KM
aΞa1...apb1...bq are manifestly the components of a tensor field. Eq. (6.12b) is therefore
fully covariant. Conversely, as is straightforward to check, the ∂MΞ
a1...ap
b1...bq are not,
as they do not transform covariantly under coordinate changes. 2 So, eq. (6.12a) is not
covariant in itself. However, it can be checked that, when restricting on the subspace of
tensors Ξ satisfying the covariant constraint (6.12b), ∂MΞ
a1...ap
b1...bq do transform covari-
antly and, thus, they are the components of a tensor field. For such Ξ, eq. (6.12a) is
therefore fully covariant.
Suppose first our generalized complex structure is an ordinary complex structure J ,
so that P = 0, Q = 0 (cf. eq. (2.17)). By (6.11b), eq. (6.12b) implies that Ξ is a formal
sum of q–forms with values in the holomorphic vector bundles ∧pT 1,0M with varying
(p, q). Further, by inspection of (6.11a), one recognize ∂M as the customary nilpotent
Dolbeault operator on the space of these tensor fields Ξ. Hence, in this special case, for
fixed p, eqs. (6.12a,b) define the customary Dolbeault cohomology with values in ∧pT 1,0M ,
H∗,∗(M,∧pT 1,0M). For this reason, we claim that, in the general case, eqs. (6.12a,b) define
a notion of generalized Dolbeault cohomology. The claim will be substantiated next.
Denote by X ∗ the subspace of ⊕p,q≥0C∞(∧pTM ⊗ ∧qT ∗M ⊗ C) spanned by those
Ξ satisfying the constraint (6.12b). X ∗ is a graded vector space: for n ∈ Z, X n is the
subspace of X ∗ contained in ⊕p,q,p+q=nC∞(∧pTM ⊗ ∧qT ∗M ⊗ C).
Exploiting (2.15a–d), by a very lengthy algebraic verification, one finds that
KM
a∂M = 0 on X
∗, (6.13a)
∂M
2 = 0 on X ∗. (6.13b)
By relation (6.13a), X ∗ is invariant under ∂M . Relation (6.13b), in turn, states that ∂M
squares to 0 on X ∗. Further, ∂M maps X
n into X n+1, as is easy to check, and, so, has
degree 1. Thus, the pair (X ∗, ∂M ) is a cochain complex, with which there is associated a
cohomology H∗(X ∗, ∂M ). For reasons explained in the previous paragraph, we call this
generalized Dolbeault cohomology of M .
X ∗ is actually a graded algebra and ∂M is a derivation on this algebra. As a conse-
quence, H∗(X ∗, ∂M ) has an obvious ring structure.
2 Note, however, that the combination of the two terms in the right hand side of (6.10)
is fully covariant.
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It is easy to see that eq. (6.9) defines a homomorphism of the generalized Dolbeault
cohomology into the ∂ superfield cohomology. Recall that the latter is embedded in the
classical Batalin–Vilkoviski cohomology. Therefore, the classical Batalin–Vilkoviski coho-
mology is related non trivially to the generalized Dolbeault cohomology of the target manifold
M .
The above analysis generalizes verbatim to the twisted case, by replacing the Batalin–
Vilkovisky operator δBV by its twisted counterpart δBV H with H a closed 3–form (cf. eqs
(5.10a, b)). Only the explicit expression of the twisted generalized Dolbeault operator
∂MH is different,
∂MHΞ
a1...ap
b1...bq = ∂MΞ
a1...ap
b1...bq − 12
√−1q
{
(−1)ppHcd[b1P d[a1Ξ|c|a2...ap]b2...bq ] (6.14)
+ 12 (q − 1)
[
Hcd[b1J
d
b2 −Hcd[b2Jdb1
]
Ξca1...apb3...bq]
}
,
where the first term in the right hand side is given by (6.11a). Using(2.23a–d), one
can verify that relations (6.13a,b) still hold with ∂M replaced by ∂MH . So, a twisted
cochain complex (X ∗, ∂MH) and an associated twisted generalized Dolbeault cohomology
H∗(X ∗, ∂MH) can be defined. Expectedly, this is closely related to the twisted classical
Batalin–Vilkovisky cohomology.
M. Gualtieri suggested to us that the generalized Dolbeault cohomology found above
could be related to the cohomology of the deformation complex of untwisted generalized
complex structure [5]. We have found out that this is indeed the case, as we now show.
Let D∗ be the subspace of ⊕p,q≥0C∞(∧pTM ⊗ ∧qT ∗M ⊗ C) spanned by those Ξ
satisfying the constraint (6.12b) and the further constraint
LMaΞ
a1...ap
b1...bq = 0, (6.15)
where
LMaΞ
a1...ap
b1...bq =
1
2
{
(−1)p(δca −√−1Jca)Ξa1...apcb1...bq +√−1QacΞca1...apb1...bq
}
.
(6.16)
Then, D∗ ⊆ X ∗. An algebraic verification similar to that yielding to (6.13a) shows that
LMa∂M = 0 on D
∗. Thus, (D∗, ∂M ) is a subcomplex of (X
∗, ∂M ).
Next, suppose that we perform a complex deformation of the generalized complex
structure J of the form
J ′ab = J
a
b + Ξ
a
b, P
′ab = P ab + Ξab, Q′ab = Qab + Ξab, (6.17)
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where Ξab, Ξ
ab, Ξab are the components of some element Ξ ∈ ⊕p,q,p+q=2C∞(∧pTM ⊗
∧qT ∗M ⊗ C). Now, (6.17) defines a complex generalized almost complex structure J ′ to
linear order in Ξ provided Ξ ∈ D2. Indeed, imposing (2.13a–c) to first order in Ξ yields
the equations
KM
aΞb + LMbΞ
a = 0, (6.18a)
KM
aΞb +KM
bΞa = 0, (6.18a)
LMaΞb + LMbΞa = 0, (6.18a)
which hold if Ξ ∈ D2. It is straightforward though lengthy to show that J ′ is integrable
to linear order in Ξ if Ξ is a 2–cocycle of (D∗, ∂M ). For, imposing (2.15a–d) to first order
in Ξ and using (6.11a), (6.12b), (6.15) yields a set of equations for Ξ that can be cast as
∂MΞ
abc = 0, (6.19a)
∂MΞ
ab
c = 0, (6.19b)
∂MΞ
a
bc = 0, (6.19c)
∂MΞabc = 0, (6.19d)
so that ∂MΞ = 0. Finally, suppose that Υ ∈ D1 and that Ξ = ∂MΥ, so that
Ξab = ∂MΥ
ab, (6.20a)
Ξab = ∂MΥ
a
b, (6.20b)
Ξab = ∂MΥab. (6.20c)
By explicit computation using (6.11a), (6.12b), (6.15), one finds
Ξab = 1
2
√−1lXP ab, (6.21a)
Ξab =
1
2
√−1{lXJab − P ac(∂cξb − ∂bξc)}, (6.21b)
Ξab =
1
2
√−1{lXQab + Jca(∂cξb − ∂bξc)− Jcb(∂cξa − ∂aξc)}, (6.21c)
where Xa = Υa ξa = Υa. Thus, Ξ is a combination of a complex infinitesimal diffeo-
morphism X and a complex infinitesimal b transform with b = dMξ (cf. eqs. (2.14a–c))
24
and, so, represents a trivial deformation [5]. This conclusively shows that (D∗, ∂M ) can
be identified with the deformation complex of generalized complex structures.
The above analysis can be carried out also in the twised case without much further
effort. Since the deformation theory for the twisted case was not carried out in [5], we
cannot perform any comparison.
Further clarification of these matters should be left to the mathematicians. For us, it
is sufficient to have found a remarkable connections between the Batalin–Vilkovisky coho-
mology of the Hitchin sigma model and various aspects of Hitchin’s generalized complex
geometry.
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